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Lecture 18 – Agenda & Examples 
Agenda 
 

1. Review Questions 
2. A very special joint distribution is the Bivariate Normal Distribution 

(𝑋1, 𝑋2)~𝑁2(𝜇1, 𝜇2, 𝜎1
2, 𝜎2

2, 𝜌) 
a. 𝐿𝑒𝑡 𝑋1, 𝑋2 be continuous random variables with the joint pdf  

𝑓(𝑥1, 𝑥2) =
1

2𝜋𝜎1𝜎2√1 − 𝜌2
exp (−

1

2(1 − 𝜌2)
((

𝑥1 − 𝜇1

𝜎1
)

2

− 2𝜌 (
𝑥1 − 𝜇1

𝜎1
) (

𝑥2 − 𝜇2

𝜎2
) + (

𝑥2 − 𝜇2

𝜎2
)

2

)) 

−∞ < 𝜇1, 𝜇2 < ∞, 0 < 𝜎1, 𝜎2 , −1 < 𝜌 < 1 
b. The marginal distribution of 𝑋𝑖 is given by 𝑁(𝜇𝑖 , 𝜎𝑖

2) for i = 1,2 

c. The conditional distribution of 𝑋1|𝑋2 = 𝑥2 is 𝑁 (𝜇1 +
𝜌𝜎1

𝜎2
(𝑥2 − 𝜇2), 𝜎1

2(1 −

𝜌2)) for all fixed 𝑥2 𝜖 ℝ 

d. The conditional distribution of 𝑋2|𝑋1 = 𝑥1 is 𝑁 (𝜇2 +
𝜌𝜎2

𝜎1
(𝑥1 − 𝜇1), 𝜎2

2(1 − 𝜌2)) 

for all fixed 𝑥1 𝜖 ℝ 
3. Expectation Properties 

a. 𝐸[𝑔(𝑋1, … , 𝑋𝑛)] = ∑ … ∑ 𝑔(𝑥1, … , 𝑥𝑛)𝑝(𝑥1, … , 𝑥𝑛)𝑥𝑛𝜖𝑆𝑛𝑥1𝜖𝑆1
 

b. 𝐸[𝑔(𝑋1, … , 𝑋𝑛)] = ∫ … ∫ 𝑔(𝑥1, … , 𝑥𝑛)𝑓(𝑥1, … , 𝑥𝑛)𝑑𝑥1 … 𝑑𝑥𝑛
∞

−∞

∞

−∞
 

c. 𝐸[𝑐] = 𝑐 
d. 𝐸[𝑐𝑔(𝑋1, … , 𝑋𝑛)] = 𝑐𝐸[𝑔(𝑋1, … , 𝑋𝑛)] 
e. 𝐸[∑ 𝑔𝑖(𝑋1, … , 𝑋𝑛)𝑘

𝑖=1 ] = ∑ 𝐸[𝑔𝑖(𝑋1, … , 𝑋𝑛)]𝑘
𝑖=1  

4. Independence  
a. Continuous Case - 𝑋1 and 𝑋2 are independent iff 𝑓(𝑥1, 𝑥2) =

𝑓1(𝑥1)𝑓2(𝑥2)  ∀𝑥1, 𝑥2 (naturally this extends to the cdfs as well) 
b. Discrete Case - 𝑋1 and 𝑋2 are independent iff 𝑝(𝑥1, 𝑥2) = 𝑝1(𝑥1)𝑝2(𝑥2)  ∀𝑥1, 𝑥2 

(naturally this extends to the cdfs as well) 
c. More generally, if for constants a,b,c,d (a < b, c < d) the pdf is positive only when 

𝑎 ≤ 𝑥1 ≤ 𝑏 and 𝑐 ≤ 𝑥2 ≤ 𝑑, and 0 otherwise, then 𝑋1 and 𝑋2 are independent 
iff 𝑓(𝑥1, 𝑥2) = 𝑔(𝑥1)ℎ(𝑥2) for any functions g and h.  

5. If 𝑋1 and 𝑋2 are random variables, let g and h be real valued functions defined over the 
supports of 𝑋1 and 𝑋2, respectively. Then, if 𝑋1 and 𝑋2 are independent, then 
𝐸[𝑔(𝑋1)ℎ(𝑋2)] = 𝐸[𝑔(𝑋1)]𝐸[𝑔(𝑋2)] 

6. If 𝑋1 and 𝑋2 are independent, then 𝑉𝑎𝑟[𝑋1 + 𝑋2] = 𝑉𝑎𝑟[𝑋1 − 𝑋2] = 𝑉𝑎𝑟[𝑋1] + 𝑉[𝑋2] 
7. Examples 

 
Review  
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1. Suppose that we have 𝑆1 = {0,1,2}, 𝑆2 = {−1,0,1} and the joint distribution 𝑝(𝑥1, 𝑥2) 
defined as 𝑝(𝑥1, 𝑥2) = 0 when (𝑥1, 𝑥2) = (0, −1), (0,1), (1,0), (2, −1), (2,1) and 
𝑝(𝑥1, 𝑥2) = .25 when (𝑥1, 𝑥2) = (0,0), (1, −1), (1,1), (2,0).  

a. Obtain the marginal pmf of 𝑋1, 𝑓1(𝑥1). 
b. Prove that 𝑓1(𝑥1) is a valid distribution and find the 𝐸[𝑋1]. 
c. Find the conditional pmf 𝑓1|2(𝑥1) when 𝑥2 =  −1. 

2. Consider the joint distribution of 𝑋1, 𝑋2, 𝑋3, 𝑋4 

𝑓(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝜆4𝑒−𝜆(𝑥1+𝑥2+𝑥3+𝑥4) for 0 < 𝑥1, 𝑥2, 𝑥3, 𝑥4 < ∞, 𝜆 > 0 
a. Prove that the distribution is a valid distribution 
b. Find 𝑓3(𝑥3) and label this distribution. 
c. Find 𝑓1,2,3(𝑥1, 𝑥2, 𝑥3) 
d. Find 𝑓1,2,3|4(𝑥1, 𝑥2, 𝑥3). Notice anything? 

3. Assume that (𝑋1, 𝑋2)~𝑁2 (2, 5, 4, 9,
1

2
) 

a. What is 𝑃(𝑥1 > 2)? 
b. What is the 𝐸[𝑋2

2]? 
 

Lecture 
 

1. Recall that two Bivariate Normal random variables 𝑋1 and 𝑋2 have the following joint 
pdf 

𝑓(𝑥1, 𝑥2) =
1

2𝜋𝜎1𝜎2√1 − 𝜌2
exp (−

1

2(1 − 𝜌2)
((

𝑥1 − 𝜇1

𝜎1
)

2

− 2𝜌 (
𝑥1 − 𝜇1

𝜎1
) (

𝑥2 − 𝜇2

𝜎2
)

+ (
𝑥2 − 𝜇2

𝜎2
)

2

)) 

 
What happens when the two random variables are independent? 

2. Suppose that 2 random variables have the following joint pdf 
 

𝑓(𝑥1, 𝑥2) =
1

8𝜋√3
exp (− (

2

3
) ((

𝑥1 − 1

2
)

2

− (
𝑥1 − 1

2
) (

𝑥2 − 1

4
) + (

𝑥2 − 1

4
)

2

)) 

 
Find the 𝐸[𝑋1

2|𝑋2 = 𝑥2]. 
3. Consider the joint density below:  

𝑓(𝑥1, 𝑥2) = {𝑒−(𝑥1+𝑥2), 𝑥1 > 0, 𝑥2 > 0
0, 𝑜. 𝑤.

 

a. Are 𝑋1 and 𝑋2 independent? 
b. What is the 𝐸[𝑋1

2𝑋2
3]? 

c. What is the 𝐸[(𝑋1 − 4)2(𝑋2 + 1)]? 
d. What is the 𝑉[𝑋1 + 𝑋2] using the variance shortcut formula? How about using 

the properties of independence? What do you notice? 
e. What is the 𝑃(𝑋1 − 𝑋2 < −3)? 
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4. Suppose that 𝑋1 and 𝑋2 are independent 𝜒2 random variables with degrees of freedom 
𝑣1 and 𝑣2, respectively.  

a. Find 𝐸[𝑋1 + 𝑋2] 
b. Find 𝑉[𝑋1 + 𝑋2] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


