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Lecture 15 – Agenda & Examples 
Agenda 
 

1. Review Questions 

2. The Beta Function (𝐵(𝑎, 𝑏) = ∫ 𝑥𝑎−1(1 − 𝑥)𝑏−1𝑑𝑥
1

0
=

Γ(𝑎)Γ(𝑏)

Γ(𝑎+𝑏)
) 

3. The Beta Distribution (𝑓(𝑥) =
Γ(𝑎+𝑏)

Γ(𝑎)Γ(𝑏)
𝑥𝛼−1(1 − 𝑥)𝛽−1  0 < 𝑥 < 1) 

a. Proof of valid distribution 

b. Proof of expectation (𝐸[𝑋] =
𝛼

𝛼+𝛽
) 

c. Proof of variance (𝑉[𝑋] =
𝛼𝛽

(𝛼+𝛽+1)(𝛼+𝛽)2) 

4. Examples 
 
Review  
 

1. Show that the maximum value of the normal density with parameters 𝜇 and 𝜎 is 
1

𝜎√2𝜋
 

and occurs when 𝑥 = 𝜇. 
2. Let Y be normally distributed with mean 4 and variance 1. Find the following:  

a. The range of values seen as “typical” 
b. The 84th percentile 
c. What percentage of observations fall below 2? 
d. What percentage of points fall above 5?   

3. Let X be normally distributed with mean 10 and standard deviation 5. Find the following 
probabilities:  

a. P(X ≤ 8) 
b. P(X ≥ 11) 
c. The 86th percentile 
d. Q1 of this distribution 
e. The median of this distribution 
f. The value such that 16% of the data fall above this point.  
g. P(1 ≤ |X|) 

4. Suppose that 10% of all steel shafts produced by a certain process are nonconforming 
but can be reworked (rather than having to be scrapped). Consider a random sample of 
200 shafts, and let X denote the number among these that are nonconforming and can 
be reworked. What is the (approximate) probability that X is  

a. At most 30? 
b. Less than 30? 
c. Between 15 and 25 (inclusive)? 
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1. Show that the Harmonic mean (used most widely to get the average of rates such as to 

average speeds in km/hr) of the Beta distribution is 𝐻𝑋 =
1

𝐸[
1

𝑋
]

=
𝛼−1

𝛼+𝛽−1
. This can also be 

used to express averages in the original units for data that had been reciprocal 
transformed for analysis, but is most useful in providing the truest measure of central 
tendency for situations involving rates and ratios (versus arithmetic or geometric 
means). How must we bound alpha so that the defining expression is bounded within 
the support of the Beta distribution? 

2. Find a generalized form of the 𝐸[𝑋𝑎] for any a. How does this change when we restrict 
this to only moments? 

3. Consider the following density describing the proportion of time per day (Y) that all 
checkout counters in a supermarket are busy:  

𝑓(𝑦) = {
𝑐𝑦2(1 − 𝑦)4, 0 ≤ 𝑦 ≤ 1
0                    , 𝑜. 𝑤

 

a. Find the value of c that makes 𝑓(𝑦) a probability density function. 
b. Find 𝐸(𝑦) 
c. Calculate the standard deviation of Y 

4. The percentage of impurities per batch in a chemical product is a random variable X 
with density function  

𝑓(𝑥) = {
12𝑥2(1 − 𝑥), 0 ≤ 𝑥 ≤ 1
0                    , 𝑜. 𝑤

 

A batch with more than 40% impurities cannot be sold. Integrate the density directly to 
determine the probability that a randomly selected batch cannot be sold because of 
excessive impurities.  
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