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Lecture 16 – Agenda & Examples 
Agenda 
 

1. Review Questions 

2. Joint pdfs/pmfs (𝑝(𝑥1, … , 𝑥𝑛) =

{
𝑃(𝑋1 = 𝑥1, 𝑋2 = 𝑥2, … , 𝑋𝑛 = 𝑥𝑛)

0
 𝑓𝑜𝑟 𝑥1𝜖𝑆1, 𝑥2𝜖𝑆2, … , 𝑥𝑛𝜖𝑆𝑛) 

3. Joint CDF (𝐹(𝑥1, … , 𝑥𝑛) =  𝑃(𝑋1 ≤ 𝑥1, 𝑋2 ≤ 𝑥2, … , 𝑋𝑛 ≤ 𝑥𝑛) =

∫ …
𝑥𝑛

−∞
∫ 𝑓(𝑡1, … , 𝑡𝑛)𝑑𝑡1 … 𝑑𝑡𝑛

𝑥1

−∞
) 

4. Basic Properties Still Hold  
a. 𝑓(𝑥1, … , 𝑥𝑛) ≥ 0 ∀𝑥1, … , 𝑥𝑛 

b. ∫ …
∞

−∞
∫ 𝑓(𝑥1, … , 𝑥𝑛)𝑑𝑥1 … 𝑑𝑥𝑛

∞

−∞
= 1 

5. Bivariate Normal Distribution (𝑋1, 𝑋2)~𝑁2(𝜇1, 𝜇2, 𝜎1
2, 𝜎2

2, 𝜌) 
a. 𝐿𝑒𝑡 𝑋1, 𝑋2 be continuous random variables with the joint pdf  

𝑓(𝑥1, 𝑥2) =
1

2𝜋𝜎1𝜎2√1 − 𝜌2
exp (−

1

2(1 − 𝜌2)
((

𝑥1 − 𝜇1

𝜎1
)

2

− 2𝜌 (
𝑥1 − 𝜇1

𝜎1
) (

𝑥2 − 𝜇2

𝜎2
) + (

𝑥2 − 𝜇2

𝜎2
)

2

)) 

−∞ < 𝜇1, 𝜇2 < ∞, 0 < 𝜎1, 𝜎2 , −1 < 𝜌 < 1 
6. Examples 

 
Review  
 

1. Show that the Harmonic mean (used most widely to get the average of rates such as to 

average speeds in km/hr) of the Beta distribution is 𝐻𝑋 =
1

𝐸[
1

𝑋
]

=
𝛼−1

𝛼+𝛽−1
. This can also be 

used to express averages in the original units for data that had been reciprocal 
transformed for analysis, but is most useful in providing the truest measure of central 
tendency for situations involving rates and ratios (versus arithmetic or geometric 
means). How must we bound alpha so that the defining expression is bounded within 
the support of the Beta distribution? 

2. Find a generalized form of the 𝐸[𝑋𝑎] for any a. How does this change when we restrict 
this to only moments? 

3. Consider the following density describing the proportion of time per day (Y) that all 
checkout counters in a supermarket are busy:  

𝑓(𝑦) = {
𝑐𝑦2(1 − 𝑦)4, 0 ≤ 𝑦 ≤ 1
0                    , 𝑜. 𝑤

 

a. Find the value of c that makes 𝑓(𝑦) a probability density function. 
b. Find 𝐸(𝑦) 
c. Calculate the standard deviation of Y 

4. The percentage of impurities per batch in a chemical product is a random variable X 
with density function  
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𝑓(𝑥) = {
12𝑥2(1 − 𝑥), 0 ≤ 𝑥 ≤ 1
0                    , 𝑜. 𝑤

 

A batch with more than 40% impurities cannot be sold. Integrate the density directly to 
determine the probability that a randomly selected batch cannot be sold because of 
excessive impurities.  

 
Lecture 
 

1. Let 𝑋1 and 𝑋2 be discrete random variables with the following joint pdf:  

𝑝(𝑥1, 𝑥2) = {
𝑝𝑥2(1 − 𝑝)1−𝑥2

𝑥2 + 1
, 𝑥1 = 0, 𝑥2, 𝑥2 = 0,1

0, 𝑜. 𝑤.

 

a. Confirm this is a valid pmf over the given support 
2. Let 𝑌1 and 𝑌2 have the joint pdf given by 

𝑓(𝑦1, 𝑦2) = {
𝑘𝑦1𝑦2,       0 ≤ 𝑦1 ≤ 1 and 0 ≤ 𝑦2 ≤ 1

0,       𝑜. 𝑤.
  

a. Find the value of k that makes this a pdf 
b. Find the joint distribution function for 𝑌1 and 𝑌2 

c. Find 𝑃(𝑌1 ≤
1

2
, 𝑌2 ≤

3

4
) 

3. Let 𝑋1 and 𝑋2 be continuous random variables with the following joint pdf:  

𝑓(𝑥1, 𝑥2) = {
𝑒−𝑥1 , 0 < 𝑥1 and 0 < 𝑥2 < 1

0, 𝑜. 𝑤.
 

a. Confirm this is a valid pdf over the given support 
b. Find the 𝑃(. 5 < 𝑋1 + 𝑋2 < 1). 
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